In this paper we show that for a locally compact group G, the group algebra -Li(G) has nontrivial center if and only if G possesses a compact neighborhood of 1, invariant under inner automorphisms. Moreover, G has a basis of such neighborhoods at 1 if and only if Z-i(G) has an approximate identity consisting of functions in the center of L\. This constitutes part of a program of finding conditions on the group algebra which characterize groups satisfying various compactness conditions (see e.g., [3]).
Godement remarks in [l, p. 28n and Théorème 6] that for a locally compact unimodular group G, the existence of a nontrivial function in L<l(G) invariant under inner automorphisms implies the existence of a compact neighborhood of 1 in G, invariant under inner automorphisms. We show in this note that Godement's method can be extended to deal with similar conditions on Li(G); we make use of an earlier observation to consider more generally the case of nonunimodular groups as well. Our result is a characterization by conditions on the group algebra of the classes [IN ] [3, (6.18) 
] and [S].
Throughout the paper we shall let dy denote left Haar measure on G, and let A denote the modular function. We use "invariant" to mean "invariant under inner automorphisms,"
and "central L\ function" to mean "function contained in the center of the algebra Li(G).n In particular, we shall say that an Li function is invariant iff for each t in Cf^xt"1) =f(x) for almost all x, where the null set may depend on t.
Proposition.
Let G be a locally compact group. Proof of (a). We use the fact (see Proposition 1.2 of [5] ) that an Li function/is central iff/satisfies the following condition: for each t in G, f(txtrl) =f(x)A(t) a.e. x, where the null set may depend on /. Thus, as is well known, for a unimodular group the central elements in Li But except on a null set in y depending only on s and /, we have h(tsytrl) =&l'2(t)h(sy) and h(tyt~l) =&"2(t)h(y), so g(tstrl) = A-KOA^COA1'2^) f h(sy)h(y)dy = g(s).
i>0. Therefore, for any e such that g(l) g(x)\ §?e} is a compact invariant neighborFinally, g(l)=|Nl2 = >e>0, the set {x£C7: hood of 1.
Proof of (b). It is clear that if G has a fundamental system of compact invariant neighborhoods of 1, then the (suitably normalized) characteristic functions of these neighborhoods form a central approximate identity for Li(G). Conversely, suppose Li(G) has a central approximate identity {fa}aeA, and let xEG, x?¿l. Note that (as in (a)) G is unimodular;
hence the central functions are invariant. We observe first that the operator on Li(G) of left translation by x (which we denote by Lx) cannot reduce to the identity on \fa} • For if Let G be a locally compact group, and H a closed subgroup. If Li(G) has a nontrivial center, then Li(H) has a nontrivial center. Note that here L\(H) is the set of (equivalence classes of) integrable functions on H with respect to left Haar measure on H. In general, if H is not open, merely restricting a central function/ in Li(G) to H
